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Introduction

In 1967, Afriat solved the “revealed preference” prob-
lem posed by Samuelson. Given the observation of n
consumptions baskets and corresponding prices, can one
rationalize these consumptions as the consumption of a
single representative consumer facing different prices?

In 1974, Shapley and Scarf investigated the “housing
problem”. Given an initial allocation of n houses to n in-
dividuals, and assuming individuals form preferences over
houses and can trade houses, what is the core of the
corresponding game? It is assumed that houses form no
preferences over houses, or at least that they can't voice
them. In this setting, Shapley and Scarf showed the non-
emptiness of the core, as well as an algorithm to arrive to
a core allocation: David Gale's method of “top-trading
cycles”.



In this paper we shall:

e argue that both problems are dual in a precise sense

e give a new characterization of both problems in terms
of an optimal assignment problem; and welfare the-
orems for Pareto efficient outcomes in the housing
problem

e introduce a natural index of rationalizability

e investigate a weaker notion of rationalizability

THIS IS STILL WORK IN PROGRESS - COM-
MENTS AND FEEDBACKS ARE MOST WELCOME.



Related literature

Theory of revealed preference in consumer demand: prob-
lem formulated by Samuelson (1938), solved by Afriat
(1967). Diewert (1973) provided a Linear Programming
proof and Varian (1982) an algorithmic solution. Fos-
tel, Scarf and Todd (2004) provided alternative proofs.
Matzkin (1991) and Forges and Minelli (2009) extended
the theory to nonlinear budget constraints. Geanakoplos
(2006) gives a proof of Afriat's theorem using a minmax
theorem.

Efficiency in the indivisible allocation problem: Shapley
and Scarf (1974) formulate the “housing problem” and
give an abstract characterization of the core, Roth et al
(2004) study a related “kidney problem” and investigate
mechanism design aspect.

Revealed preferences for matching problems: Galichon
and Salanié (2010) and Echenique, SangMok and Shum
(2010) investigate the problem of revealed preferences in
a matching game with transferable utility.



Talk’s outline

1. Pareto efficient allocations

2. Strong and weak efficiency

3. Geometric interpretation of revealed preference



1 Pareto efficient allocations

1.1 Preamble: Generalized Revealed Pref-

erence

Assume as in Forges and Minelli (2009) that consumer
has budget constraint g; (z) < 0 in experiment ¢, and
that x; is chosen. Assume g;(x;) = 0, generalizing
Afriat (1969), in which g; (x]) = xj-p; — x; - p;- One
would like to know whether there is a utility level v; asso-
ciated to good j such that consumption x; results from
the maximization of consumer 2's utility under budget
constraint g (z) < 0, namely

1 € argmax; {vj L G; (:13]) < O} :



By Forges and Minelli (2009), building on Fostel, Shapley
and Todd (2004), the following equivalence holds:

Theorem 0. Set R;; = g; (z;). Then the following
conditions are equivalent:

(i) The matrix R;; satisfies “cyclical consistency” : for
any cycle i1, ...,1p41 = 11,

Vk, R < 0 implies Vk, R 0,

U th+1 Ulk+1 —

(ii) There exist numbers (v;, \;), A\; > 0, such that

vj — Vi < AR,

(iii) There exist numbers v; such that

R;; < 0 implies v; — v; < 0.

Then v; can be seen as utility level associated to good j
that rationalizes the data in the sense that

¢ € argmax; {vj L g (:r;j) < O} :



1.2 Pareto efficient allocation of indivisi-

ble goods

Consider n indivisible goods (eg. houses) j = 1,...;n
to be allocated to n individuals. Cost of allocating (eg.
transportation cost) house j to individual ¢ is ¢; ;. Assume
good 7 is allocated to individual z. Question: when is this
allocation efficient?

If there are two individuals, say 27 and 45 that would both
benefit from swapping houses, then allocation is not ef-
ficient. Thus if allocation is efficient, then inequalities
Civin < Cipiq and o5 < o, cannot hold simultane-
ously unless they are both equalities. More generally,
cannot have exchange rings whose members would ben-
efit from trading (strictly for some).

We shall argue that this problem is dual to the prob-
lem of Generalized Revealed Preferences.



1.3 A dual interpretation of revealed pref-

erence

From the previous discussion, allocation is efficient if and
only if for every “trading cycle” i1, ..., 1,41 = 77,

Vk, Cikik—kl < Cipip |mp||es \V/k, Cik:ik:—|-1 = Cipip,
that is, introducing R;; = ¢;; — ¢4,

Vk, R < 0 implies Vk, R =0,

k1 k1
which is to say that allocation is efficient if and only if

the matrix R;; is cyclically consistent.

By the equivalence between (i) and (ii) in Theorem 0
above, allocation is efficient if and only if

Jv; and \; > 0, Vj — vy < )"iR’ij' (PARETO)



Equilibrium in the indivisible allocation game.

Allocate house 7 to individual 2, and let people trade.
Let 7; be the price of house j. We have a No-trade
equilibrium supported by prices 7 if any house within ¢'s
budget set is not strictly preferred to ¢'s house. That is,
we have

dm;, mj < m; implies R;; > 0, (EQUILIBRIUM)
that is equivalently

R;; < 0 implies 7w; > m;

which is exactly formulation (iii) of Theorem 0 with 7; =
—V;.

By Theorem 0 and this interpretation, one has then

(EQUILIBRIUM) < (PARETO),

which under this interpretation gives us a welfare result:

Proposition 1. /n the allocation problem of indivisible
goods, Pareto allocations are no-trade equilibria supported
by prices, and conversely, no-trade equilibria are Pareto
efficient.



This is a “dual” interpretation of revealed preference,
where v; (utilities in generalized RP theory) become bud-
gets here, and c;; (budgets in generalized RP theory)
become utilities here. To summarize this duality:

Revealed prefs. Pareto indiv. allocs.
setting consumer demand || allocation problem
budget sets {j D¢ < Cii} {—v:—v < —v;}
cardinal utilities to 7 || vU; —Cjj
# of consumers one, representative | 1, ¢ € {1,...,n}
# of experiments n one
goods divisible indivisible
unit of C;; dollars utils
unit of v; utils dollars

interpretation Afriat’'s theorem Welfare theorem




2 A Negishi theorem for Pareto as-

signments

Reminder on the optimal assignment problem. Recall
the optimal assignment problem:
n
P 2 Cioliy
where S is the set of permutations of {1,...,n}. Interpre-
tation: og minimizes utilitarian sum of cardinal welfare

losses.



By Linear Programming duality (Dantzig 1939; Shapley-
Shubik 1971), we get that

n n

n
min C: (y\ = max E w; + E V.
1011 (/
0€S ) uitvjSegi iy j=1 ’

For o solution, there is a pair (u, v) solution to the dual
problem such that

U; + Uy < Cij
if 7 =00(2), then U; + Vj = Cjj.



A Negishi characterization. Going back to the Pareto
assignment problem, we have the following result:

Theorem 2. In the housing problem, the following con-
ditions are equivalent:

(i) Allocation og = Id is Pareto efficient,
(ii) Allocation o = Id is a No-trade equilibrium,
(iii) 3X; > 0 and v € R"™ such that

v —v; < A Rzgy

(iv) 3X\; > 0 such that

:;222 Viftio ) =0

that is

GGS

n
min Z )\ Czo(z Z )\Z'CZ'Z'.
1=1



Remark 1. The economic interpretation for this result is
quite clear. (iv) is

n
min Z A Cza( ) — Z )\iC,L’Z’.
=1

GES

which means that Pareto efﬁaent allocations coincide
with the maximizers of weighted utilitarian welfare func-
tions with positive social weights. The A;’s can therefore
be interpreted as “Negishi weights”, see [Negishi (1960)].

Remark 2. The translation of the previous result in terms
of revealed preference is the following:

Theorem 2’. In the revealed preference problem, the
data are rationalizable if and only if d\; > 0 such that

it Z Viffio (s = 0

where Rij — g; (x])



Proof of Theorem 2. As seen above the essence of equiv-
alence between (i), (ii) and (iii) has been proven in the re-
vealed preference literature. The new result is the equiv-
alence between (iii) and (iv), which we now prove. One
has

(iv)J<= d\; > 0, min,cg Z?:l AiRia(i) =0

o=1d

io(i) 15 reached for
< d\; >0, u,v € R"”

’U,Z—|—’UJ
u; +v; = 0

<~ d\; >0,veR"
vj — vp < ARy,

which is (iii). O]



3 Strong and weak rationalizability

3.1 Indices of rationalizability

It is tempting to set

A= e . Z Viffio

where A = {A > 0,57 A\ = 1}.

Indeed, we have A < 0, and by compacity of A, equality
holds if and only if there exist A € A such that

s > N =

Of course, this does not work as the A;'s in Theorem
2 need to be all positive, not simply nonnegative. For
example, in the housing problem, if individual 2 = 1 has



his most preferred option, then Ay = 0 and all the other
A;'s are zero, and A = 0. However, allocation may not
be Pareto because there may be inefficiencies among the
rest of the individuals.

Hence imposing A > 0 is crucial. Fortunately, it turns
out that one can restrict A to a subset which is convex,
compact and away from zero:

Lemma 3. There is € > 0 (dependent only on matrix R)
such that the \;'s in Theorem 2 above (if they exist) can
be chosen such that

{ A; > € for all 1,



Proof. Standard construction (see [Fostel et al. (2004)])
of the \;'s and the v;’s provides a deterministic proce-
dure that returns strictly positive A; > 1 within a finite
and bounded number of steps, with only the entries of
Rij as input; hence A, if it exists, is bounded, so there
exists M depending only on R such that > | \; < M.
Normalizing A so that > ' ; A\; = 1, one sees that one
can choose e = 1/M. B



We denote A, the set of such vectors A\, and A the
simplex {)\ - X\; >0 foralliand 1\ = 1}. Recall
R;; = ¢;j — ¢4, and introduce
n
A* = max min Z )‘iRia(i)ﬂ

ANeA:o€ES i1

so that we have the following result:

Proposition 4. We have:

(i) A* = 0 if and only if there exist scalars v; and weights
A; > 0 such that

Uj — Uy S AiRij-

(i) A = 0 if and only if there exist scalars v; and weights
A; > 0, not all zero, such that

Uj — Uy S AiRij-

(i) A* < A <0.



Proof. (i) follows from Lemma 3. To see (ii), note that
A = 0 is equivalent to the existence of A € A such that
Minges > i q AiRis(;) = 0. The rest of the proof works
as the equivalence between (iii) and (iv) in Theorem 2.
The inequality (iii) is immediate. ]



3.2 What happens when some \’s can be

zero?

Coherent subcoalition. In the housing problem, a non-
empty subcoalition I C {1,...,n} is said to be coher-
ent when for each of its members 4, it also contains the
owners of the goods with whom 7 would be willing to
exchange. Namely, I is coherent when

i €I and R;; < 0 implies j € I.

In particular, {1,...,n} is coherent; any coalition where
individuals are assigned their top choice is also coherent.

Theorem 5. In the housing problem, we have:

(i) A* = 0 iff allocation og = Id is Pareto efficient for
the population {1,....,n},

(i) A = 0 iff allocation og = Id is Pareto efficient for
some coherent subcoalition,

and (i) implies (ii).



Before we give the proof of this result, we state its equiv-

alent translation in terms of revealed preference.

Say that a subset of the data included in {1,...,n} is
coherent if ¢+ € I and ¢ directly revealed preferred to j
implies 5 € I.

Theorem 5’. In the revealed preference problem, we have:

(i) A* = 0 iff the data are rationalizable,

(i) A = 0 iff a coherent subset of the data is rationaliz-
able,

and (i) implies (ii).



Proof. (i) was proved in Theorem 2 above.

Let us show the equivalence in (ii). The proof of that
same theorem implies that A = 0 is equivalent to the
existence of d\; > 0, > 1 A\; = 1 and v € R"™ such
that

vj —v; < ARy,
so defining I as the set of ¢ € {1,...,n} such that A\; >
0, this implies that allocation g = Id is Pareto efficient
for subcoalition I. We now show that [ is coherent.
Indeed, for any two k£ and [ not in I and ¢ in I, one has
v = vp > v;; thus if ¢ € I and Rij < 0, then v < v,
hence 53 € I, which show that I is coherent.

Conversely, assume allocation og = Id is Pareto efficient
for a coherent subcoalition 1. Then there exist (u;);;
and (p4;);cy such that p; > 0 and

wj — ui < pi Ry
for 7,57 € I. Complete by arbitrary values of u; for i & I,

~

and introduce R;; = lgecnRij. One has R;j; < 0



implies< € I and R;; < Ohence j € I, thusu;—u; <O0.
Hence by theorem 0, there exist v; and A; > 0 such that

vj —v; < 5\2}?@]
and defining \; = 5\2-1{7;61}, one has

’Uj — Uy S Asz]

which is equivalent to A = 0.

The implication (z) = () results from inequality A* <
A <0 ]



4 Concluding remarks

Recall \; is interpreted in Afriat’s theory as the Lagrange
multiplier of the budget constraint. Allowing for A = 0
corresponds to excluding wealthiest individuals as out-
liers. Theory with A > 0 is weaker, less reject. How
much so empirically?

Link with Shapley-Scarf “top trading cycles” procedure:
what does it imply in terms of social weights?

Similar dual interpretation for revealed preferences in match-
ing problems (Galichon and Salanié (2010), Echenique et
al. (2010))?

Continuous generalization using the theory of Optimal
Transportation.
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